We study the causal structure of a class of weakly nonlocal gravitational theories (eventually coupled to matter) that are compatible with perturbative unitarity and finiteness at quantum level. In particular, we show that in nonlocal quantum gravity a Shapiro's time advance never occurs. Moreover, we provide a recipe to construct a general ultraviolet complete gravitational theory coupled to matter (with or without supersymmetry) compatible with causality. Therefore, nonlocal gravity is consistent with causality, as well as string theory.
Introduction -In order to solve the renormalizabilty problem of Einstein's quantum gravity a new class of weakly nonlocal gravitational theories has been proposed and extensively studied. It turns out that these theories are perturbatively unitary and finite at quantum level. Technically, the Cutkovsky rules for a unitary theory are satisfied at any perturbative order, while all the loop amplitudes are finite.
In this paper, we follow the analysis developed by Camanho, Edelstein, Maldacena, and Zhiboedov [1] to infer about the causal structure of the theory, namely, we prove that the weakly nonlocal modifications of the threepoint functions present in the nonlocal gravitational theories do not lead to causality violations. Our analysis applies to a high energy scattering process in which gravity is weakly coupled. Namely, we are in the regime
where b (impact parameter) is the magnitude of the impact vector b, ℓ P the Planck scale, and l Λ the non locality scale.
It turns out that we do not need to introduce an infinite tower of massive higher spin fields to fix the causality issue because either the local or nonlocal higher derivative operators do not affect the scattering amplitudes (which are the same of the local two-derivative theory.)
Going to the crux of the problem, the analysis developed in [1] is based on the computation of Shapiro's time delay, which is one of the classical tests of general relativity (GR). We know from GR that light propagating near a compact object would suffer a time delay compared with the same propagation in flat spacetime. Therefore, if we get a negative time delay, or actually a time advancement, we have a causality violation. In [1] it has been proved that the most general higher derivative theory giving rise to a causality violation is at most cubic in the Riemann tensor. The nonlocal theories can be classified according to the presence or not of such operators. Indeed, we can avoid terms affecting causality * Electronic address: stefanog@hit.ac.il † Electronic address: lmodesto@sustc.edu.cn and at most cubic in the Riemann tensor, but still define a good quantum gravity theory. However, the minimal finite unitary theory shows up operators dangerous for causality when the theory is expanded in the number of derivatives in agreement with the analysis in [1] .
The Theory -Let us remind here the class of gravitational theories we want to investigate in this paper. The action we want to study consists on four operators linear, quadratic, and quartic in the Riemann tensor, while an analytic function of the d'Alembertian operator determines the non-locality. The action reads [2] [3] [4] [5] :
where κ 2 D = 32πG, the form factor γ(✷) depends on the non-locality scale σ ≡ ℓ 2 Λ ([σ] = −2) and is defined by
Moreover, the potential V (R) is at least cubic in the curvature, but quadratic in the Ricci tensor. Here R is the generalized curvature and stands for R, Ricci or Riemann tensor, and derivatives of them properly contracted. Two examples of suitable form factors exp H(z) asymptotically polynomial in a conical region C around the real axis as required by the locality of the counterterms are:
where z = −σ✷, and
where p ≡ p(z) is a polynomial of z = −σ✷ of degree γ + 1 with γ > D/2. The front coefficient α is a positive integer whose minimum value is fixed on the basis of super-renormalizability, if the form factor (4) is selected. The form factor (4) is only defined in Euclidean space, while (5) can be defined also in Minkowski space depending on γ and on the choice of the polynomial p(z). For the theory with form factor (5) we do not have the causality violation described in [1] as it is evident expanding the form factor in Taylor series. Indeed, the first correction to the Einstein-Hilbert (EH) action is R✷ n R, where n 1 is a positive integer. Therefore, they do not lead to causality violation as proven in [1] . Nevertheless, we will study also nonlocal theories with form factor (5) .
About the main properties of the action (2), the Cutkovsky rules for a unitary theory are satisfied at any perturbative order. In even dimension we can achieve finiteness with a suitable minimal choice of the potential V (R), but in odd dimension the theory is finite without need of any potential.
In this paper we will consider also other exponential form factors, namely e −σ✷ and e σ 2 ✷ 2 . These form factors do not lead to well-defined quantum theories (at least on the basis of standard perturbative quantum field theory), but they capture the main properties of the theory to understand the role of non-locality in preserving causality. Moreover, they enable us to derive analytic results.
Shapiro's time delay -In order to evaluate the Shapiro's time delay (or advance, depending on whether we have or not a causality violation) we need the treelevel scattering amplitude/s in the eikonal limit. The latter consists on summing all the ladder (and cross ladder) diagrams in the Regge limit of large s, but t/s ≪ 1 (here s, t, u are the Mandelstam variables). Indeed, the lowest order approximation to the scattering amplitude is the Born approximation or tree-level approximation, which corresponds to a large impact parameter b or small deviation angles. When we decrease the impact parameter other diagrams involving exchange of more gravitons turns out to be important, but if b is not too small such diagrams can be summed to give the eikonal approximation [6, 7] . In the eikonal regime, b is taken small, but it is still much larger then the gravitational radius r s = 2G √ s. Decreasing even more b we reach the Planck scale and we probe the trans Plankian regime. At the Planck scale in general we need non perturbative resummation techniques, but the super-renormalizable theory is asymptotically-free, while the finite theory is conformal invariant. Therefore, the theory turns out to be perturbative or in the conformal phase at extremely high energy regime. However, when b r s we expect the collision of particles to produce trapped surfaces, signaling the presence of black holes. Nevertheless, the analysis of this regime is beyond the scope if this paper.
We here probe the non-locality scale, namely b ≪ ℓ Λ , but we stay far from the Planck scale and the gravitational radius r s .
In order to evaluate the scattering amplitude in the eikonal approximation we fist need the amplitude in the Regge limit t/s << 1 (but large s), namely A(s, t). Therefore, in the eikonal approximation the four-particles scattering amplitude is exponential in the impact parameter space and the result is [8, 9] :
where the phase is given by
It is easy to see that the result is independent on the particular theory (higher derivative or weakly non-local) under the favorable circumstances we are here investigating and remanded above. Finally, the Shapiro's time delay is:
where E is the energy of the probe-particle. Causality in purely non-local gravity -In [11] , the four-graviton scattering amplitude was computed for a large class of local and weakly non-local gravitational theories. It turned out that, for theories that are quadratic in both the Ricci and scalar curvature and lack a term quadratic in the Riemann tensor, the tree-level amplitude exactly coincides with the EH one. From this result, it is already clear that Shapiro's time delay in these theories exactly coincides with the one in general relativity and there is no causality issue independently of the choice of the form factor. It deserves to be noticed that there is no causality violation despite we are probing the scale of non-locality.
For completeness we here remind the computation of the time delay in Einstein's gravity. The leading fourgraviton amplitude for the purely gravitational EinsteinHilbert theory in the Regge limit is: A t (++, ++) = −8πGs 2 /t. Therefore, the phase (7) and the Shapiro's time delay are respectively [1]:
where ǫ i (i = 1, . . . , 4) are the polarizations of the incoming gravitons 1 and 2 and the outgoing ones 3 and 4. This result can also be easily understood in terms of the formula in [1] 
where the three-point functions are evaluated on-shell. Notice these functions are in general non-vanishing because the intermediate momentum, which is evaluated on the massless pole, has one imaginary and one real component (we are here assuming that we only have the graviton pole.) Nevertheless, direct inspection of the threegraviton vertices corresponding to terms quadratic in the scalar and Ricci curvatures shows that they are vanishing under such conditions. It is worth noticing that the polarizations of external particles can be viewed as living purely in the transverse space whereas there is only one relevant polarization for the intermediate state, which is perpendicular to the intermediate momentum q. So the only relevant three-point function is the one associated with Einstein's gravity, giving (9) and (10) . Causality violation in Gauss-Bonnet gravity -In this section we consider an example of higher derivative theory in D > 4 dimensions that violates causality. The Lagrangian reads,
Since only the Einstein-Hilbert term contributes to the propagator, then the scattering amplitude for two gravitons in two gravitons in the Regge limit is the sum of the Einstein-Hilbert's theory one plus a correction due to the Gauss-Bonnet's contribution to the vertex, the result is [10] :
where the momenta of the four gravitons k 1 , k 2 , k 3 , k 4 are all incoming, i.e.
4
i=1 k i = 0, and ǫ i (i = 1, . . . , 4) are the polarizations of the gravitons. We now rewrite the Gauss-Bonnet contribution to the amplitude in terms of the momentum transfer q = −(k 1 +k 3 ) (t = −q 2 ) that, for real kinematics, vanishes in the forward limit. At the leading order in q the amplitudes reads:
We notice the following relation between the EH and the GB amplitudes,
Therefore, we can compiute the phase (7) taking the second derivative of (9) respect to b,
where n ≡ b/b. The total contribution to the phase is given by the sum of (9) and (16),
Finally, the Shapiro's time delay is:
We can see that if the impact factor b becomes small, b < λ GB , the second term in (17) can be bigger then the first one, depending on the sign of λ GB and the polarizations. Therefore, we can have a time advance and causality is violated. Causality in nonlocal gravity coupled to local scalar matter -Now we consider ordinary matter described by a two-derivatives theory coupled to nonlocal gravity. Once more we study only a very special class of gravitational theories that are weakly nonlocal, which means they have properties very similar to local two-derivatives theories, namely (2) with form factors (4) and (5) . The full action consists of (2) and the minimally coupled ordinary two-derivatives scalar matter,
The graviton propagator is modified by the form factor, but without introducing any extra pole besides the graviton. Therefore, in momentum space and ignoring the gauge dependent terms the propagator reads
where P (2) and P (0) are the usual spin two and spin zero projector operators [4] . The tree-level gravitational scattering amplitude for 2-scalars in 2-scalars can be easily obtained from the one in local gravity and the result is (we here assume m = 0):
Notice that the amplitudes are soft in the ultraviolet regime. Therefore, the unitarity bound is satisfied at tree-level. However, in the Regge limit t ≪ s, which is what we use in the eikonal approximation, the leading contribution comes from the amplitude in the t-channel, namely
For the sake of simplicity and in order to avoid infrared divergences we here assume D > 4. However, the result can be easily generalized to a four-dimensional spacetime. For the amplitude (21) we can now compute the phase (7) in D = 5,
where q = | q|. We now evaluate (22) for the form factors (4), (5) , and also
which has features very similar to (4) and can be analytically integrated. Moreover, the form factor (23) emerges naturally in string field theory [15] [16] [17] [18] . Notice that if one expands (23) in Taylor series, the effective higher derivative theory quadratic in the curvature can potentially violate non only unitarity, but also causality [1] . For the form factor (23) the phase (22) after integration gives
which reduces to the one in Einstein's theory for b ≫ ℓ Λ , namely
Analytical results can also be obtained for the form factors For the case n = 2, the phase δ(b, s) reads:
The Shapiro's delay is obtained employing formula (8) for s = 4E, where E is the energy of the probe-scalar particle. For the form factor (23) and for the Einstein's gravity, the delays read
The Shapiro's delay ∆t K for the form factor (4) has been obtained integrating numerically (22) . The result is given in Fig.1 together with ∆t SFT and ∆t EH . In Fig.2 we plot ∆t T for the form factor (5), which has been obtained numerically, together again with ∆t SFT and ∆t EH . Very similar results can be obtained for different values of α and γ.
From the analytical results as well as from the plots, it is clear that the Shapiro's time delay never becomes negative and the causality condition is satisfied up to and beyond the non locality scale ℓ Λ .
General causal nonlocal theories -In this section we shortly remind a field redefinition theorem [19, 20] that allows us to map nonlocal field theories to local ones at tree-level. The theorem is perturbative in the field redefinition, but the identification is only valid at tree-level because of the different quantum properties of the two theories.
Let us consider two general weakly nonlocal actions functionals S ′ (g, Φ a ) and S(g ′ , Φ ′ a ), respectively defined in terms of the fields g, Φ a and g ′ , Φ ′ a , where g is the metric and Φ a a set of matter or gauge fields and, and such that
where F g and F Φ can contain derivative operators or weakly nonlocal operators of the covariant ✷ operator, and
are the EOM of the theory with action S(g, Φ a ). Here we use a compact deWitt notation and with the indices i, a on fields we encode all Lorentz, group indices, and the spacetime dependence of the fields. Notice that we here mean the metric in the fields' space and not the spacetime metric g µν . The statement of the theorem is that there exists a field redefinition
such that, perturbatively in F g , Φ, but to all orders in powers of F g,Φ , we have the equivalence 
For the sake of simplicity we can check the claim above at the first order in the Taylor expansion for the functional
Therefore, the field redefinitions (32) with the choicen coefficients (34) are such that the equivalence (33) is satisfied (note that the argument of the functionals S ′ and S is now the same.) Hence the two actions S ′ (g) and S(g ′ ) are tree-level equivalent.
A crucial consequence of the theorem just reminded is that all the n-points tree-level functions of the theories related by a field redefinition are identical. Therefore, the causality condition given in [1] comes as a mere consequence of the four-points functions computed for the local theory.
Finally, any nonlocal theory that is tree-level equivalent to a causal local one is causal too. In other words, in this section we provided an algorithm for constructing higher derivative (even non-local) causal theories.
We now provide an explicit example of non-local theory involving gravity, one gauge field, and a scalar field that is unitary and finite at quantum level in odd dimension (in particular in D = 5.) Moreover, the field redefinition theorem ensures the causality condition based on Shapiro's time delay because the n-points scattering amplitudes are the same of the tree-level equivalent theory. The Lagrangian reads: are defined as follows,
It is straightforward to prove that the theory above satisfied the field redefinition theorem, namely it is equivalent to Einstein's gravity minimally coupled to electromagnetic field and scalar matter. Therefore, all the tree-level n-point functions for the theory (36) are identical to the ones of local gravity couple to the local Maxwell field. Supersymmetry is another powerful tool to couple nonlocal gravity to matter in a way consistent with unitarity, finiteness, but also causality. Indeed, in [12] we constructed the N = 1 nonlocal supergravity that has the same tree-level scattering amplitudes as the local one. Therefore, on the basis of the theorem reviewed in this section the theory is causal.
Local Lee-Wick quantum gravity -Recently a local higher derivative theory has been proposed as a good candidate for a UV completion of the Einstein-Hilbert theory [13, 14] . The theory has no real ghosts in the spectrum, but allows for complex conjugate ghosts. It turns out that it is unitary at tree-level [13, 14] and also at any perturbative order in the loop expansion [21] [22] [23] . Moreover, it is super-renormalizable or finite at quantum level [13, 14] . Notice that the S-matrix is unitary in the subspace of real states as a consequence of the energy conservation and on the basis of the empirical evidence that complex energy is not realized in nature.
The minimal theory in which only the graviton propagates and a pair of complex conjugate ghosts reads:
The propagator of the theory (38) is very similar to (19) , but shows up two complex conjugate poles,
If the potential V (R) is at least quadratic in the Ricci tensor the tree-level amplitudes coincide with those in Einstein gravity (this is a consequence of the theorem in the previous section) and causality is not violated. When the Lee-Wick gravity (38) is coupled to the scalar matter (18) the tree-level gravitational scattering amplitude for 2-scalars in 2-scalars is obtained from the amplitude in the t-channel A t = −8πG s(s + t) t(1 + σ 4 t 2 ) ≈ −8πG s 2 t(1 + σ 4 t 2 ) .
Notice that t ≪ s, but t can be larger then Λ 2 . Replacing the amplitude (40) in (22) 
The phase (41) is always positive and the plot is very similar to the one of nonlocal gravity. Therefore, the Shapiro's time delay is also positive and there is no causality violation. Nonlocal gravity in Weyl basis -Finally, we would like to present a theory that can potentially violate causality. The Lagrangian reads [11, [24] [25] [26] [27] :
The theory (42) violates causality for H 2 = H 0 = H K or H 2 = H 0 = σ✷. Indeed, expanding γ C in Taylor series we get also a Riemann square operator, R µνρσ R µνρσ , that gives the same causality violation as computed in (17) . On the other hand, the same theory with entire functions H 2 = H 0 = H T does not give a Shapiro's time advanced as shown in [1] .
Conclusions -We proved that weakly nonlocal pure gravity, a theory proposed as an ultraviolet completion of Einstein's gravity [5] , is causal by the means of Shapiro's time delay. Indeed, we do not detect any time advancement (which could allow for the construction of a time machine.) Moreover, ordinary matter described by a two derivative theory is also compatible with causality when coupled to nonlocal gravity. Finally, we provided a recipe based on a field redefinition theorem (FRT) to construct a causal general nonlocal theory for matter coupled to gravity. Consistently with the FRT and on the basis of explicit computations we proved that Shapiro's causality is fulfilled in Lee-Wick gravity too.
